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We present a theoretical analysis for the Goos-Ha¨nchen and Imbert-Fedorov shifts experienced by an X-wave
upon reflection from a dielectric interface. We show that the temporal chirp, as well as the bandwidth of
the X-wave directly affect the spatial shifts in a way that can be experimentally observed, while the angular
shifts do not depend on the spectral features of the X-Wave. A dependence of the spatial shifts on the spatial
structure of the X-wave is also discussed. © 2018 Optical Society of America
OCIS codes: 240.3695, 260.2110, 260.6042
Nonspecular reflection phenomena, i.e., deviations
from the geometrical law of reflection for light beams
resulting in an effective beam shift at the interface, rep-
resented a growing field of research that produced a lot
of literature in the last decade. Among all these effects,
the most famous ones are the Goos-Ha¨nchen [1–3] and
Imbert-Fedorov [4–14] shifts, the former occurring in the
plane of incidence of light, while the latter occurs in the
plane orthogonal to the plane of incidence. These phe-
nomena have been extensively studied in the past for a
vast category of beam configurations [15–18] and inter-
faces [19–22]. A comprehensive review on beam shift phe-
nomena can be found in Ref. [23]. Although these effects
are typically very small, their magnitude can be signi-
ficatively enhanced by means of weak measurement-like
techniques [24–29]. Very recently, the formalism typically
used to calculate these beam shifts has been extended to
the non-monochromatic case [30], giving the possibility
to study how the spectral features of ultrashort pulses
can influence these shifts.
Among the vast class of non-monochromatic solutions
of Maxwell’s equation, on the other hand, electromag-
netic X-waves are particular solutions propagating at a
given superluminal velocity v = c/ cosβ0 without ex-
hibiting diffraction or dispersion, even in the presence of
a frequency dependent refractive index [32]. This kind
of solutions has been investigated in a variety of differ-
ent frameworks and within an interdisciplinary perspec-
tive, encompassing the originally considered acoustic X-
waves [33], to nonlinear optics [34], up to recent proposal
in Bose-Einstein condensates [35]. These light-bullets
have been also recently investigated within the frame-
work of second quantized Maxwell equations, shading
new light on non-monochromatic field quantization [36].
In a more general settlement, X-waves are considered a
part of a large family of exact solutions of the time de-
pendent wave equation, which are commonly referred as
“localized waves” [32]. In certain respects, X-waves are
a paradigmatic example of the way a non-trivial space-
time coupling may lead to an interesting propagation-
invariant (solitonic-like) behavior, even in vacuum. X-
waves are indeed non-monochromatic superpositions of
Bessel beams with a fixed conical angle β0. The fact that
the composing Bessel beams do not exhibit diffraction
and all have the same phase velocity v in the propa-
gation direction originates the progressive undistorted
evolution of the X-waves.
In this Letter, we report on the theoretical investiga-
tion of the Goos-Ha¨nchen and Imbert-Fedorov shifts for
X-waves. The interaction of X-waves with dielectric in-
terfaces have been recently studied, with particular em-
phasis on the superluminal tunneling [37], and the oc-
currence of beam shifts for the case of normal incidence
only [38]. Here we derive closed form expressions show-
ing that the temoral chirp, the bandwidth and the an-
gular aperture of the X-waves directly affect the Goos-
Ha¨nchen and Imbert-Fedorov shifts, in a way that can
be directly experimentally investigated. Furthermore, we
show that the shifts are also affected by the order of the
X-waves, i.e., by their specific spatial structure, a circum-
stance that allows to foresee the possibility of using the
reflection at an interface as a prism-like effect decompos-
ing the propagation invariant beams in the subset given
by the so-called fundamental X-waves. This can be even-
tually used for encoding quantum information, as it hap-
pens for the polarization or for the angular momentum
of Laguerre-Gauss beams [39].
Let us start our analysis by considering a paraxial,
non-monochromatic electric field that impinges onto a
dielectric surface. According to Fig. 1, we can define
three cartesian reference frames: one attached to the in-
cident beam ({xˆi, yˆi, zˆi}) one attached to the reflected
beam ({xˆr, yˆr, zˆr}) and the laboratory reference frame
{xˆ, yˆ, zˆ} attached to the dielectric interface. This last
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Fig. 1. Geometry of the problem. {xˆi, yˆi, zˆi} is the
reference frame attached to the incident wave packet,
{xˆr, yˆr, zˆr} is the reference frame attached to the re-
flected wave packet and {xˆ, yˆ, zˆ} is the laboratory frame.
θ is the angle of incidence.
reference frame is chosen in such a way that the z-axis
is normal to the interface and it is directed towards the
dielectric surface and zˆi = sin θxˆ + cos θzˆ, being θ the
angle of incidence. The electric field in the incident ref-
erence frame can be then written by using the Fourier
decomposition in plane waves as follows [41]:
EI(r, t) =
2∑
λ=1
∫
dωd2K
(2pi)3/2
Aλ(K, ω)ei(ki·r−ωt) + c.c., (1)
where ki = k0(U xˆi+V yˆi+W zˆi) = kxxˆ+kyyˆ+kzzˆ (be-
ing k0 = ω/c the vacuum wave vector), d
2K = dUdV ,
c.c. stands for complex conjugate, λ runs over the po-
larization degrees of freedom of the field (with λ = 1
corresponding to p polarization and λ = 2 to s polariza-
tion respectively) and
Aλ(K, ω) = k20 eˆλ(U, V, θ)Eλ(U, V, ω). (2)
The polarization vectors eˆλ(k) are defined as eˆ1(k) =
(eˆ2 × k)/|eˆ2 × k| and eˆ2(k) = (zˆ × k)/|zˆ × k|, being zˆ
a unit vector directed along the laboratory axis z. Note
that for the paraxial case one has kz =
√
k20 − k2x − k2y
and therefore W =
√
1− U2 − V 2.
The quantities Eλ(U, V, ω) in Eq. (2) determine the
shape and the polarization of the field and can be
written as Eλ(U, V, ω) = αλ(U, V, θ)A(U, V, ω), where
A(U, V, ω) is the scalar spectral amplitude of the field
and αλ(U, V, θ) = eˆλ(U, V, θ)· fˆ is the vector spectral am-
plitude, that sets the polarization of the field in the local
incident frame [13,42]. Here we assume that the field has
passed through a polarized, whose orientation is repre-
sented by the complex-valued unit vector fˆ = fpxˆi+fsyˆi,
with |fp|2 + |fs|2 = 1.
Upon reflection each plane wave eˆλ(k) exp [ik · r]
transforms according to eˆλ(k) → rλ(k)eˆλ(˜ˆk) exp [ik˜ · r],
where rλ(k) are the Fresnel coefficients for p and s po-
larization respectively [43] and k˜ = k − 2zˆ(zˆ · k) is
determined by the law of specular reflection [44]. The
electric field in the reflected frame can be then writ-
ten in a similar form as given by Eq. (1) by substitut-
ing eˆλ(k) → eˆλ(k˜) ≡ eˆλ(−U, V, pi − θ) and ki → kr =
−U xˆ+V yˆ+W zˆ. The explicit expressions of eˆλ(U, V, θ),
eˆλ(k˜), rλ(U, V ) and αλ(U, V, θ) for a paraxial beam are
given in Ref. [42].
According to the formalism developed in Refs. [30,31],
we calculate the first order moment of the intensity dis-
tribution of the reflected field (within the paraxial ap-
proximation) as
〈X〉 = 〈xr〉xˆr + 〈yr〉yˆr , (3)
where
〈ξ〉 =
∫
dt d2R ξ I(xr, yr, zr, t)∫
dt d2R I(xr , yr, zr, t) , (4)
where ξ = {xr, yr}, d2R = dxrdyr and (up to
an inessential multiplicative constant) I(xr, yr, zr, t) =
ER(xr, yr, zr, t) ·ER(xr, yr, zr, t), where ER(xr, yr, zr, t)
is the electric field in the reflected frame and is given by
Eq. (1) with the aforementioned substitutions.
Using Eq. (3) it is possible to express both the spatial
(∆) and angular (Θ) Goos-Ha¨nchen and Imbert-Fedorov
shifts as
∆GH = 〈xr〉|z=0, (5a)
ΘGH =
∂〈xr〉
∂z
, (5b)
∆IF = 〈yr〉|z=0, (5c)
ΘIF =
∂〈yr〉
∂z
. (5d)
In order to calculate these expressions, however, one
needs to know the form of the scalar spectral am-
plitude A(U, V, ω) that appears in the definition of
Eλ(U, V, ω). For the case of X-waves, in general, the
spectral dependence can be factorized from the spa-
tial dependence, leading to A(U, V, ω) = γ(ω)S(U, V ).
Since X-waves are superpositions of Bessel beams, the
term A(U, V ) is essentially the angular spectrum of a
monochromatic Bessel beam. By using spherical coordi-
nates for the k-vector components, namely {U, V,W} =
2
{sinβ cosφ, sin β sinφ, cosβ} it is possible to write such
an angular spectrum as follows [22, 40]:
S(U, V ) ≡ A(β, φ) = ei
(
nφ−npi
2
)
δ(β − β0)
| sinβ0| cosβ0 , (6)
where n is the order of the Bessel function that appears
in the integral definition of the X-wave and β0 is the cone
aperture of the Bessel beam and the half angle between
the orientation of the X-branches [40]. Using then the
ansatz A(U, V, ω) = γ(ω)S(U, V ) and the form of the
angular spectrum S(U, V ) as given by Eq. (6), the beam
shifts for an X-wave can be written as follows:
∆GH =
(ΩN
ΩD
)
∆
(B)
GH , (7a)
ΘGH = Θ
(B)
GH , (7b)
∆IF =
(ΩN
ΩD
)
∆
(B)
IF , (7c)
ΘIF = Θ
(B)
IF , (7d)
where
ΩN =
1
c
∫
ω|γ(ω)|2dω, (8a)
ΩD =
1
c2
∫
ω2|γ(ω)|2dω, (8b)
and ∆
(B)
GH,IF are the adimensional spatial shifts of a
monochromatic Bessel beam defined as follows [22]:
∆
(B)
GH =
(
wp
∂φp
∂θ
+ ws
∂φs
∂θ
)
− nwpa
2
s − wsa2p
apas
cos η cot θ, (9a)
∆
(B)
IF = −
wpa
2
s − wsa2p
apas
sin η cot θ
− 2√wpws sin(η − φp − φs) cot θ
− n
(
wp
∂ lnRp
∂θ
+ ws
∂ lnRs
∂θ
)
. (9b)
The quantities Θ
(B)
GH,IF appearing in Eqs. (7) are the
angular Goos-Ha¨nchen and Imbert-Fedorov shifts of a
monochromatic Bessel beam, whose explicit expression
is, according to Ref. [22], the following:
Θ
(B)
GH = − sin2 β0
(
wp
∂ lnRp
∂θ
+ ws
∂ lnRs
∂θ
)
, (10a)
Θ
(B)
IF = sin
2 β0
wpa
2
s − wsa2p
apas
cos η cot θ. (10b)
In the previous definitions, wλ = (a
2
λR
2
λ)/(a
2
pR
2
p+ a
2
sR
2
s)
is the fractional energy contained in each polarization
and ap,s have been chosen in such a way that fp = ap
and fs = as exp (iη). We moreover note that the quan-
tity ΩN/ΩD has, according to Eqs. (8), the dimension of
a length. This is consistent with the fact that the spa-
tial Goos-Ha¨nchen and Imbert-Fedorov shifts for Bessel
beams in Eqs. (9) are given as dimensionless quantities.
As can be seen by direct comparison with the results
obtained for a monochromatic Bessel beam [22], the non-
monochromatic nature of X-waves reflects itself in an
extra multiplicative factor in front of the spatial shifts.
Thus, depending on the particular form of the X-wave
considered, while the angular shifts will not be influenced
(and it will be proportional to sin2 β0, i.e., to the super-
luminal character of the X-wave), different X-waves will
experience different spatial shifts.
In order to understand this result, let us consider, for
example, the Goos-Ha¨nchen shift, given, according to
Eq. (3), by 〈xr〉. By partial integration the numerator of
Eq. (4) can be tranformed from 〈xr〉 to 〈(ik0)−1∂/∂U〉.
When this derivative acts on the reflected electric field,
all terms that do not involve the derivative of the expo-
nential term exp (ik0Wz) are multiplied by a prefactor
1/k0. According to Eq. (2), therefore, the contribution of
the X-wave spectrum to the Goos-Ha¨nchen shifts will be
an extra multiplicative factor, namely ΩN . On the other
hand, when calculating the derivative of the exponential
term exp (ik0Wz) with respect to U , an extra k0-factor
is brought down by the derivative itself. This cancels
exactly the (ik0)
−1 term in 〈(ik0)−1∂/∂U〉. Therefore,
the correspondent multiplicative term (that accounts for
X-wave spectrum) associated to the numerator of the z-
dependent part of the Goos-Ha¨nchen shift is given by
ΩD. Upon normalization, since the denominator of Eq.
(4) contains ΩD, this term will simplify the correspon-
dent term in front of the z-dependent shift, thus making
it unaffected by the non-monochromatic nature of the
field here considered. The same explanation is also valid
for the Imbert-Fedorov shift.
As an example, we now apply this result to two dif-
ferent classes of X-waves, namely the fundamental X-
waves, that posses an exponentially decaying spectrum,
and the Bessel-X pulses, whose spectrum is Gaussian.
For the former case, the spectral function γ(ω) is given
by
γ(ω) = (a0ω)
me−a0ωe−im
pi
2 H(ω), (11)
where a0 (that has the dimensions of a time) is the pulse
duration, m is the order of the X-wave and H(ω) is the
Heaviside step function. The multiplicative factor in the
spatial shifts in Eqs. (7) is then given by
ΩN
ΩD
=
a0c
1 +m
. (12)
As a more realistic example, we consider a Bessel-
X pulse, whose bounded Gaussian spectrum makes it
experimentally reproducible, in contrast with the un-
bounded spectrum of fundamentals X-wave that gives,
as a consequence, waves that carry infinite energy [32].
For a Bessel-X pulse, therefore, the spectral amplitude
γ(ω) is given by
γ(ω) =
T0√
2pi(1 + iξ)
e−q
2(ω−ω0)
2
, (13)
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where q2 = T 20 /[2(1 + iξ)], T0 is the pulse duration, ξ is
the pulse chirp parameter and ω0 is the central frequency
of the Bessel-X pulse. With this choice of spectrum, the
factor ΩN/ΩD in Eqs. (7) assumes the following from:
ΩN
ΩD
=
2cT 20ω0
1 + ξ2 + 2T 20ω
2
0
. (14)
The spatial Goos-Ha¨nchen and Imbert-Fedorov shifts
can be then controlled by tuning the pulse duration T0,
the pulse chirp ξ and the pulse frequency ω0.
In conclusion, we have calculated the Goos-Ha¨nchen
and Imbert-Fedorov shifts for a paraxial X-wave, show-
ing how the polychromatic nature of these beams af-
fects the shift by introducing a multiplicative factor on
the spatial shifts ∆GH,IF and leaving the angular shifts
ΘGH,IF unchanged. This extra factor is, for the case of
fundamental X-waves, directly connected to the X-wave
order parameterm and its bandwidth a−10 . We then sug-
gested to use beam shifts as an active method for ana-
lyzing the spectral content of localized fields in terms of
fundamental X-waves. Last, but not least, we have also
shown how the Goos-Ha¨nchen and Imbert-Fedorov shifts
are affected in the case of Bessel-X pulses, showing that
the pulse duration of such optical pulses can be used as
a tuning parameter to control the beam shifts.
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